POSITIVE SOLUTIONS OF NONLINEAR THREE-POINT 
INTEGRAL BOUNDARY VALUE PROBLEMS FOR 
SECOND-ORDER DIFFERENTIAL EQUATIONS 
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Abstract. We investigate the existence of positive solutions to the nonlinear 
second-order three-point integral boundary value problem 

u"(t) + a(t)f(u(t)) =0, < t < T, 



u(0) = (3u(ri), u(T) = a u(s)ds 



u( 





where 0<r?<T, 0<a< < 8 < — * — „_ are given constants. We 



show the existence of at least one positive solution if / is either superlinear or 
sublinear by applying Krasnoselskii's fixed point theorem in cones. 



1. Introduction 

The study of the existence of solutions of multipoint boundary value problems for 
linear second-order ordinary differential equations was initiated by IFin and Moiseev 
[5]. Then Gupta [2] studied three-point boundary value problems for nonlinear 
second-order ordinary differential equations. Since then, nonlinear second-order 
three-point boundary value problems have also been studied by several authors. 
We refer the reader to []]|3ll[71|81l3[IUl[nilI2E9IIllI3 and 
the references therein. 

Tariboon and Sitthiwirattham 20 proved the existence of positive solutions for 
the three-point boundary-value problem with integral condition 

u"(t) + a(f)/(u(t)) = 0, t 6(0,1), (1.1) 

w(0) = 0, u(l) = a / u(s)ds, (1.2) 
Jo 

where < rj < 1 and < a < \. 

This paper is concerned with the existence of positive solutions of the equation 

u"(t)+a(t)f(u(t))=0, te(0,T), (1.3) 
with the three-point integral boundary condition 

rv 

u(0) = Pu(ji), u{T) =a u(s)ds, (1.4) 
Jo 

where a > 0, f3 > 0, rj G (0, T) are given constants. Clearly if /3 = and T = 1, then 
(|1.4[) reduces to (|1.2p . The purpose of this paper is to give some results for existence 
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for positive solutions to (|1.3|) - ()1.4|) . assuming that 0<a<^,0</3< -^SrESpx? 
and / is either superlinear or sublinear. 

Our results extend and complete those obtained by J. Tariboon and T. Sitthi- 
wirattham |20j . On the other hand, we point out that the proof of the last part in 
the sublinear case (/oo = 0) of Theorem 3.1 in [20] is not correct since it is based 
on an inequality which is not true. We give a new proof, which is different from 
that of Theorem 3.1 in [20], and obtain an extended result. 

Set 

/o= hm M, /oo= lim M. (L5) 

M->0+ U u->oo u 

Then /o = and f^ = oo correspond to the superlinear case, and /o = oo and 
foo = correspond to the sublinear case. By the positive solution of (|1.3[) - (|1.4|) 
we mean that function u(t) is positive on < t < T and satisfies the problem 

Throughout this paper, we assume the following hypotheses: 
(HI) /GC([0,oo),[0,oo)). 

(H2) a E C([0, T], [0, oo)) and there exists t 6 [77, T] such that a(t ) > 0. 

The following theorem (Krasnoselskii's fixed-point theorem), will play an impor- 
tant role in the proof of our main results. 

Theorem 1.1 ([6 ]). Let E be a Banach space, and let K C E be a cone. Assume 
f2i, r?2 are open bounded subsets of E with € f2i, fii C VL 2; and let 

A ■. Kn (n 2 \ni) — > k 

be a completely continuous operator such that either 

(i) \\Au\\ < \\u\\, ueKndfli, and \\Au\\ > \\u\\, ueKndn 2 ;or 

(ii) \\Au\\ > \\u\\, ueKCidCli, and \\Au\\ < \\u\\, ueKndn 2 
hold. Then A has a fixed point in K n (fi2\ 

2. Preliminaries 

To prove the main existence results we will employ several straightforward lem- 
mas. These lemmas are based on the linear boundary-value problem. 

Lemma 2.1. Let f3 ^ a ^J^+ 2T ■ Then for y £ C([0,T],K), the problem 

u"(t) + y(t) = 0, t G (0,T), (2.1) 
rv 

u(0) = /3u(rj), u{T) = a / u(s)ds, (2.2) 
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has a unique solution 
[ ) (an* - 2T) - f3(2n - an 2 - 2T) J [V S)y[S)dS 



afin - a((3 - l)t p , 



(an 2 - 2T) - f3(2n - an 2 - 2T) 

2(/3 — l)i — 2/3/7 
(an 2 - 2T) - f3(2n - an 2 - 2T) 



(n - s) y(s)ds 

T 

(T — s)y(s)ds — I (t — s)y(s)ds 
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Proof. From ()2.1j) . we have 

u(t) = u(Q) +u'(0)t- I (t-s)y(s)ds. (2.3) 



Integrating (j2.3[> from to 77, where 77 £ (0, T), we have 

V 2 /-tj /-r 

u(s)ds = m(0)?7 + m'(0)^- - / (/ (t - s)y(s)ds)d,T 

2 Jo Jo 



u(0) f7 + u / (0)l--i / i,/-.si J //(.si^ 



Since 



u(T) =u(0) + u'{0)T - (T-s)y(s)ds and 
Jo 

u{rj) = u(0) + -u (0)77 — / (77 — s)y(s)ds. 
Jo 

By (|2.2I) . from u(0) = 0u(rj), we have 

(/3 - l)tt(O) + ^«'(0) = (3 [ (r, - s)y(s)ds, 

Jo 

and from u(T) — a f£ u(s)ds, we have 

(1 - a V )u(0) + (T — a^)u'(0) = jf (T - s)y(s)ds - | ^"(j, - s) 2 2/(*)^ 
Therefore, 

U(0) = (^-2r)-^-a^-2T)y 

( T - s)y(s)ds 



(arf - 


- 2T) - /3(2t) - arf - 


-2T) 7 




a/3 77 




(arf - 


- 2T) - /3(2t7 - ar? 2 - 


-2T) J 




2(0-1) 




(arf — 


2T) - 0(27? - my 2 - 


2T)I 




a(/3 - 1) 




(arf 


- 2T) - /3(2?y - ar? 2 


-2T). 




2/3(1 - ar/) 





(77 - s) 2 y(s)ds, 



n 

(77 - s) 2 y(s)ds 



(arj 1 - 2T) - /3(2r? - ar? 2 - 2T) Jo 
from which it follows that 

/3(2T - V) - 2/3(1 - ar,)t f 
" W = (a, 2 - 2T) - /3(2rr - arf - 2T) J ^ ~ s)y{s)dS 
a/3rj - a(/3 - l)t 



(77 - s)y(s)ds, 



(a,? - IT) - mi - «<f - 2T) /„ ( " " * )3!/(s)<iS 



□ 
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Lemma 2.2. Let < a < §L < (3 < a ^J 2 ^ 2T ■ If V & C([0, T], [0, oo)), then 
the unique solution u of (|2.1[) - (|2.2[) satisfies u(t) > for t e [0, T]. 

Proof. From the fact that u (i) = — y(t) < 0, we have that the graph of u(t) is 
concave down on (0,T) and 

w(s)ds > +(u(0) + u(r))). (2.4) 
Combining (j2~2"j) with (|2~4"|) . we get 



«(D > ^^(,). (2.5) 



Since the graph of u is concave down, we get 

u(rj) - u(0) u(T) - u(0) 
V " T ' 
Combining this with (|2.2|) and ()2.5|) . we obtain 



?7 2j 

If u(0) < 0, then < 0. It implies /3 > a)) 2 2 T _~^ 2T , a contradiction to 

o 2T-a77 2 
^ ^ ari' 2 -2ri+2T ' 

If u(T) < 0, then 0(77) < 0, and the same contradiction emerges. Thus, it is true 
that u(0) > 0, u(T) > 0, together with the concavity of u(t), we have u(t) > for 

te[0,T]. □ 

Lemma 2.3. Let a > /? > 0. If y E C([0, T], [0, oo)), t/ien i/ie problem 
(|2.ip - (|2.2p ftas no positive solutions. 



Proof. Suppose that problem ()2.1[) - f)2.2[) has a positive solution it satisfying u(t) > 
Q,te[0,T}. 

If it(T) > 0, then u(s)ds > 0. It implies 

m , w ^ 2Try r(/3+ 1)7/(77) Tufo) 

ti(T) = a / u{s)ds > —o-MO) + urn = > , 

Jo V 2 V V 

that is 

^(^) «(>?) 
T 77 ' 
which is a contradiction to the concavity of u. 

If u(T) = 0, then u(s)ds = 0, this is u(t) = for all t E [0, rj]. If there exists 
to G (^j? 1 ) such that u(fo) > 0, then u(0) = u(rj) < u(io), a violation of the 
concavity of u. Therefore, no positive solutions exist. □ 

Lemma 2.4. Let < a < f£, < (3 < JL~ 2 ^ V + 2T ■ If V G C([0, T], [0, 00)), then 
the unique solution u of (|2.1[) - (I2.2[) satisfies 

min u(t) > 7II7/II, llull = max |u(t)|. (2.6) 
te[v,T] ~ te[o,r] 

7i;/iere 

77 a(/3 + l)?? 2 a(/3 + l)rj(T - 77) 



7 := min ^ -, v ^ y - , ^ '- r /v > G (0, 1) . (2.7) 

' T 2T ' 2T - a(/3 + l)?? 2 ' 
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Proof. We divide the proof into three cases. Set u(t\) = \\u\\. 

Case 1. If rj < ti < T and mintgr^T] u(t) = u(rj), then the concavity of u implies 
that 

u(y) > ujt^ u(ti) 
V ~ h - T 

Thus, 

min u(t) > 

Case 2. If rj < t\ < T and min te ^, T ] u(t) = u(T), then f[272]) . (|2~4l) and the 
concavity of it implies 

u(i ) = a I u(s)as > 

> 



> 



2 

gQ8 + 1)?7 2 Mfti) 

2 t! 

a(/3 + I)/? 2 u{h) 



2 T 
This implies that 

,.s ^ + l W I, || 
mm u ( > — u . 

te[v,T] ' ~ 2T 11 11 

Case 3. If ti < r\ < T, then min 4g [^ _y] = u{T). Using the concavity of u and 
(l2~2|) . (j2~4l) . we obtain 

»(*!) < ^) + ^^M( tl -T) 
j — 77 

< u(T) + ^-^l { 0-T) 

1—7] 



1 - 2 



T — 7] 

2T -a(/3 + l)r/ 2 



a(p + l)r)(T-r)) 

from which it follows that 



u(T), 



Summing up, we have 



where 



a{i3 + l)ri{T --q) 

mm u(t) > - — f \\u • 

tefo.T] 1 ; " 2T-a(p + l)r] 2 11 11 



min > 7||u||, 

te[ri,T] 



r) a{P + \)ri 2 a(fi + l)r}(T - rj) 



7 := mm < — 



T' 2T ' 2T - a(/3 + l)r] 2 
This completes the proof. □ 
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3. Existence of positive solutions 
Now we are in the position to establish the main result. 

Theorem 3.1. Assume (HI) and (H2) hold, andO < a < |£, < /3 < 2 ^"+ 2T ■ 
Then the problem (|1.3I) - (|1.4[) has at least one positive solution in the case 

(i) fo = and foo = oo (superlinear), or 

(ii) fo = oo and foo — (sublinear). 

Proof. It is known that < a < |£, < (3 < ^r^r+TF • From Lemma \2A\ u is a 
solution to the boundary value problem (|1.3|l - (|1.4|) if and only if it is a fixed point 
of operator A, where A is defined by 



, , . P(2T - arj 2 ) - 2(3(1 - arj)t p. . . , ,, , , 

a/3r] - a([3 - l)t f v ^ 2 



2(p-l)t-2Pri rT 
(arf - 2T) - (3{2r, - arf - 2T) 



(r) - s) a(s)f(u(s))ds 
(T - s)a(s) f (u(s))ds 



(t — s)a(s)f(u(s))ds. 



ii 



Denote 



K = I u/u e C([0,T],R),u > 0, min u(t) > -y\\u\\ 



where 7 is defined in (|2.7p . It is obvious that if is a cone in C([0, T], R). Moreover, 
from Lemma l2~2l and Lemma l2~4l C if . It is also easy to check that A : K — > K 
is completely continuous. 

Superlinear case, fo — and foo = 00. Since fo = 0, we may choose H\ > so 
that f(u) < eu, for < u < H\, where e > satisfies 



eT (2T-a V >)-0{a V *-2r l + 2T) J F -)«(■)*< L 



Thus, if we let 



n 1 = {«€C([0,r|,R): ||u|| <H X }, 
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then, for u 6 K D <9Qi, we get 



, 2/3(1 - cw?)i - /3(2T - ar, 2 ) P , N , w/ , „ , 

i 

{r, - s) 2 a{s)f(u(s))ds 



a((3 — l)t — a(ir, f v . 



o 



+ 



(2T - ar, 2 ) - P{ar, 2 - 2r, + 2T) 

- 2(/3 - l)f 

(2T - ar, 2 ) - P{ar, 2 - 2r, + 2T) 

2f3T + afir, 2 r" 
( 27 - ar? 2 ) iuu/- -2,, ■ 21: J 

a/3T 

(2T - ar, 2 ) - P{arf - 2r, + 2T) J{ , 



f (T - s)a(s)f(u(s))ds 
Jo 



^ ^ 1^ _ Mnrfi _ 2r] + 2T) I (V s)a(s)f(u(s))ds 

+ — — o „ . ^ [\v ~ s) 2 a(s)f(u(s))ds 

Jo 



, 2/Jr? + 2T f T 

+ (2T-ar, 2 )-P(a V 2 -2r i + 2T)J Q ~ s)a(s)f(u(s))ds 

2T((3 + 1) + f3r,{ar, + 2) 
(2T - my 2 ) - /3(ar7 2 - 2/7 + 2T) ,/ 



^ ^ 7-2^ 37—2 o_ I / ( T - s)a(s)f(u(s))ds 



+77^ ^ 5 o I [\v-s) 2 a(s)fWs))ds 

Jo 



(2T - ar, 2 ) - /3(ar, 2 - 2r, + 2T) 
2T(/3 + 1) + /^(m? + 2) 
(2T - my 2 ) - /3(a?7 2 - 2r, + 2T) J 



^ ^ 7-2^ 7j7— 2 o_ I / ( T - s)a(s)/(«( 



+ (2T-^)-^-2, + 2T) jf ^ - 'WW))* 
= (2T- a?? 2 )-/j(a, 2 -2, + 2T) / (^- «)«(-)/(««)* 

* " " (2T-ar, 2 )~(3(ar 1 2 -2r, + 2T) J ( T ~ s ^ ds 
< Hull. 



Thus < ||u||, u e if nafii. 

Further, since /oo = oo, there exists H 2 > such that /(u) > /m for u > H 2 , 
where p > is chosen so that 



2tj_ 

(2T - ar, 2 ) - (3{ar, 2 - 2r, + 2T) 



91 ,^ Z'^i n„ , ^ I {T ~ s)a(s)ds > 1. 



Let if 2 = max{2ffi, ^} and n 2 = {u e C([0,T],R) : ||u|| < iJ 2 }. Then u e K D 
<9f2 2 implies that 



min u{t) > 7||u|| = 7i?2 > -^2, 

t£[r;,T] 
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and so, 

Au M = W-^-K? -f\rj-s)a(s)f(u(s)) d s 
yU (2T -arf)- P(arf -2r) + 2T) } a V/ ' UM u ' 



a(fi - l)r) - aPr) 
(2T - arf) - P(arf - 2rj + 2T) J 

2^-2(^-1)77 



+ 7^ I" 71 i ^ / (*-.)'«(*)/(«(-))* 



(T-a)a(a)/(«(a))d« 



(2T - my 2 ) - /3(my 2 - 2r; + 2T) J 



n 



(rj - s)a(s)f(u(s))ds 

(T-s)a{s)f(u(s))ds 
(rf - 2r)s + s 2 )a(s)f{u(s))ds 



2rj 



(2T - arf) - P{arf -2r] + 2T) 



(2T - ary 2 ) - /3(ar/ 2 - 2?? + 2T) J 
2T - my 2 rv 



(2T -arf 1 )- P{arf - 2r] + 2T) 7 

2r? f T 

(2T - my 2 ) - ^(my 2 - 2ry + 2T) J 

arf 



(r) - s)a(s)f{u{s))ds 
(T - s)a(s)f(u(s))ds 



+ (2T-ar 1 2 )-P(arf-2r 1 + 2T) ' sa ^f( u ^ ds 



v 



2T 

+ (2T-ar 1 2 )-P(arf-2r ] + 2T)J "(->/(««)* 

n 

s 2 a{s)f(u(s))ds 



ar\ 



(2T -arf)- p(arf - 2ry + 2T) 
2Trj 

~ (2T - arf) - P(arf - 2ry + 2T) J 

2ry f T 

(2T - ari 2 ) - p(arf - 2 V + 2T) J v 



v 

a(s)f(u(s))ds 



(T - s)a(s)f(u(s))ds 



+ -, , 2<yT , % 7 [ sa(s)f(u(s))ds 

(2T - arf) - P(arf - 2rj + 2T) J K U V V " 



ar] 



v 

s(r/ — s)a(s)f(u(s))ds 



(2T - arf) - P{arf - 2r] + 2T) J 

> /nm ^ ; [ T (T-s)a(s)f(u( S ))d S 

n 

— T\ a7~ 2 — n I P ~ s)a(s)u(s)ds 



(2T - 


arf) 


— Piarf 


-2 V + 2T) 






2-qp 




(2T- 


arf) 


— Piarf 


-2 V + 2T) 






2r](rf\\u\\ 




(2T- 


arf) 


— P(arf 


-2r) + 2T) 



> -7"- "' ■ — / CT- ••<>«(. si,/.s 

> HI- 

Hence, \\Au\\ > ||w|j, u e K n <9f22. By the first part of Theorem ll.il A has a fixed 
point in T^T n (f22\f2i) such that H\ < \\u\\ < Hi- This completes the superlinear 
part of the theorem. 
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Sublinear case. f — oo and /oo = 0. Since /o = oo, choose H3 > such that 
f(u) > Mu for < u < H 3 , where M > satisfies 

Let fi 3 = {u G C([0,T],R) : < #3}, then for u G KndCl 3 , we get 

r 

(2T - arf) - /3{ar] 2 - 2ry + 2T) 



Jo 



/"(„ - S ) 2 a( S )/( U ( S ))ds 
Jo 



> 



(2T - ary 2 ) - /3(a77 2 - 2j? + 2T) 

2T - ar] 2 
(2T - ar, 2 ) - I3{ar, 2 - 2t7 + 2T) J 
277 



(ry - s)a(s)f(u(s))ds 



(2T - ar; 2 ) - /3(ar/ 2 - 2 77 + 2T) 
2r/M 

(2T - arf) - /3(ar) 2 -2r) + 2T) 



f (T — s)a(s)f(u(s))ds 



— ? _Z-L_____^ (T - s)a(s)u(s)ds 

> \\u\\. 

Thus \\Au\\ > \\u\\, u 6 K n Now, since /oo = 0, there exists H4 > so that 

/(m) < Au for u> iJ 4 , where A > satisfies 

^ 2(/3 + l)+r- 1 /377( a r / + 2) + a/3T f T 

(2T-a f 7 2 )~^ 2 -2 ? 7 + 2r) / -)«(«)*< 1- 

We consider two cases: 

Case (i). Suppose / is bounded, say f(u) < N for all u G [0, 00). Choosing 
H4 > max{2iJ 3 , y}. For u <E K with |w| = i? 4 , we have 



+ 2/377 ~ 2(/3 - l)t 



^7^7 / (T — s)a(s) f (u(s))ds 
(2T - ar] 2 ) - I3(ari 2 -2t] + 2T) J v 7 v u y y " 

- f (t-s)a(s)f(u(s))ds 
Jo 

<r ^(/3 + l)+T- 1 (3r,(ar ] + 2) + af3T f T 

~ (2T-a V 2 )-P(a V 2 -2 V + 2T) J ~ s)a(s)f(u(s))ds 
<~ ^a^-l^ S>-^ 
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and therefore \\Au\\ < \\u\\. 



□ 



Case (ii). If / is unbounded, then we know from / S C([0, oo), [0, oo)) that there 
is iJ 4 : Hi > max{2iJ 3 , 4^} such that 

f(u)<f(H 4 ) for u£ [0,Hi\. 

Then for u G K and = H4, we have 



and for u e Kndfli we may have \\Au\\ < \\u\\. By the second part of Theorem ll.il 
it follows that A has a fixed point in K n (Q^fia) such that H3 < \\u\\ < H4. This 
completes the sublinear part of the theorem. Therefore, the problem (|1.3p - (|1.4l) has 
at least one positive solution. 
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